Abstract. We give a formula of the framed one-leg orbifold Gromov-Witten vertex where the leg is gerby with isotropy group Zm. Then we use this formula to compute the Gromov-Witten invariants of the local BZm gerbe. We will also compute some examples of the degree 1 and degree 2 Z 2 -Hodge integrals.
Introduction
For smooth toric Calabi-Yau 3-folds, the Gromov-Witten theory is obtained by gluing the Gromov-Witten topological vertex [3] , a generating function of cubic Hodge integrals. So the topological vertex, which is computed in [18] , can be viewed as the building block for the GW theory of smooth toric Calabi-Yau 3-folds. In the orbifold case, a vertex formalism for the orbifold GW theory of toric CalabiYau 3-orbifolds is established in [30] . For toric Calabi-Yau 3-orbifolds, the orbifold GW theory is obtained by gluing the GW orbifold vertex, a generating function of cubic abelian Hurwitz-Hodge integrals. So the orbifold GW vertex can be viewed as the building block of the orbifold GW theory of toric Calabi-Yau 3-orbifolds.
In this paper, we prove a formula of the framed one-leg orbifold Gromov-Witten vertex where the leg is gerby with isotropy group Z m . This formula can be viewed as a counterpart of the case where the leg is effective [35] . Unlike the effective case, the initial value of our vertex can not be computed by Mumford's relation. So we will use virtual localization and vanishing properties of certain relative GW invariants of the nontrivial Z m -gerbes over P 1 to obtain a system of linear equations, from which we can solve the initial value. After that we will use localization on certain moduli spaces of relative stable morphisms to the trivial Z m -gerbes over P 1 to obtain the framing dependence of the vertex. We also use our formula to compute the GW invariants of the local BZ m gerbe.
In section 5, we will calculate the degree 1 and degree 2 Z 2 -vertices more explicitly. Then we will use these results to calculate the prediction of some Z 2 -Hodge integrals in [30] . These results can be viewed as an evidence for the conjecture of the orbifold GW/DT correspondence in [30] .
After the first version of this paper, our formula was used to prove the orbifold GW/DT correspondence in [31] . The strategy there is to rewrite the DT vertex in terms of the loop schur functions developed in [32] and [15] to obtain some useful combinatorial properties of the DT vertex. Then since our formula for the GW vertex involves a certain kind of orbifold rubber integrals which have strongly combinatorial properties (see section 3), one can prove the GW/DT correspondence by proving certain purely combinatorial identities. Similarly, for any irreducible representation R of Z m , we have a corresponding Hodge bundle E R and Hodge classes λ R i . Let M g,n be the moduli space of stable curves of genus g with n marked points and let ψ i be the i th descendent class on M g,n , 1 ≤ i ≤ n. Let ǫ : M g,γ (BZ m ) → M g,n be the canonical morphism. Then the descendent classesψ i on M g,n are defined byψ
where rk E R is the rank of E R determined by the orbifold Riemann-Roch formula. Introduce formal variables p = (p (i,j) ) i∈Z+,j∈{0,··· ,m−1} , x = (x 1 , · · · , x m−1 ) and define p µ = p (µ1,k1) · · · p (µ l(µ) ,k l(µ) ) , x γ = x γ1 · · · x γn for µ and γ. We use the more intuitive symbol γ! to denote | Aut(γ)|. Then we define the generating functions
When taking the sum over γ, we set the following convention for γ: if i < j, then γ j ≥ γ i where γ 1 , · · · , γ n are viewed as elements in {1, · · · , m − 1}.
In section 3, we will define an orbifold rubber integral H
• χ,γ (µ, ν) m and its generating function
|µ|=d to be two column vectors indexed by ν and µ respectively. Let Φ d (τ ) = (Φ µ,ν d (τ )) |µ|=d,|ν|=d be a matrix indexed by ν and µ, where
Then we have the following theorem Theorem 1. Φ d (τ ) is invertible and
We will calculate H 
where
and
So Theorem 1 expresses our framed orbifold Gromov-Witten vertex G
• µ (λ; τ ; x) m in terms of its initial value G 
where s = s(η) is a function that we will explain in section 4.4. Let
then we define
0; x) m ) η∈Bd to be two column vectors indexed by (µ, s) and η respectively. Let
be a matrix indexed by (µ, s) and η, wherẽ
m λ;x) m if|η| < |µ| Then we have the following theorem Theorem 2.Φ d (λ; x) is invertible and
• µ (λ; 0; x) m for any µ because of the following two results that we will show in section 4:
(1) For any µ with k 1 = · · · = k l(µ) = 0 we have
Therefore, the only nontrivial vertices are those G
• µ (λ; 0; x) 2 with k 1 , · · · , k l(µ) nontrivial and Theorem 2 calculates all of them.
We will also calculate the degree 1 and degree 2 Z 2 -vertices more explicitly in section 5. Then we will use these results to calculate the prediction of some Z 2 -Hodge integrals in [30] . These results can be viewed as an evidence for the conjecture of the orbifold GW/DT correspondence in [30] . . Let Y 0 = P 1 ×BZ m be the trivial Z m gerbe over P 1 . Y 0 can be viewed as P 1 with root construction [6] of order m for O P 1 . Then X can be identified with Tot(L 0 ⊗O Y0 (−1)⊕L
is the moduli space of degree d stable maps from a possibly disconnected curve with Euler characteristic χ and with monodromies γ around marked points to Y 0 ,
is the universal domain curve and
Then we have the following theorem which gives the Gromov-Witten invariants of the local BZ m gerbe Theorem 3. 
be the union of Y s and a copies of Y 0 , where 
Here, µ is a partition of d with parts µ i and
We set a convention for µ as follows:
We also set the convention for γ:
as Cartier divisors and the monodromies around y i and x j are given by k i and γ j respectively. For a more general discussion of moduli spaces of relative stable morphisms to orbifolds, see [1] . We will also consider the disconnected version M 
be the tautological line bundle on Y s corresponding to the root construction. Then over each point of Y s , the isotropy group Z m acts on the fiber of L s by multiplication by e 2πi/m . Let D s ⊂ U s be the divisor corresponding to the l(µ) marked points {y 1 , · · · , y l(µ) } and let D ′ s ⊂ U s be the divisor corresponding to those marked points in {y 1 , · · · , y l(µ) } which have trivial monodromies i.e. those marked points y i with i ∈ A ′ (µ). Define 
We lift the C * -action to the obstruction bundle 
χ,µ,γ is a topological invariant and we have K We will study the following kind of orbifold rubber integrals
where ψ 0 is the target ψ class, the first Chern class of the line bundle
is the cotangent line
m is just the disconnected wreath Hurwitz number [12] [33] . Note that χ ≤ min{2l(µ), 2l(ν)} and if γ = ∅, the equality holds if and only if ν = −µ, where −µ is defined to be
and we set the convention that
The same convention is used in the study of wreath Hurwitz numbers since the Burnside formula for wreath Hurwitz numbers extends naturally to this boundary case. See [12] [33] for more details on the Burnside formula and other combinatorial expressions of the wreath Hurwitz numbers.
We define generating functions of H
and we use the more intuitive symbol γ! to denote | Aut(γ)|. We will also consider the connected orbifold rubber integral
and the corresponding generating functions
Then we have the following relation:
Notice that although we take γ to be a vector of nontrivial elements in Z m , the above construction of rubber integrals and their generating functions works for all γ. In particular, we can apply our construction to the non-orbifold case. So we define
We also define their generating functions to be
Then we also have the relation
In this subsection, we will first give a geometric interpretation of H In what follows, we assume γ to be a vector of nontrivial elements in Z m .
A geometric interpretation of H
Definition 3.1. For given g, γ, µ, ν, we fix 2g − 2 + l(µ) + l(ν) + l(γ) different points on P 1 \ {0, ∞} and defineĤ
• g,γ (µ, ν) m to be the count of degree md (d = |µ| = |ν|) covers f :C → P 1 , with monodromy in the wreath product Z m ≀ S d (see [25] ), with prescribed monodromy: the monodromy over 0 and ∞ must be µ and ν respectively, the monodromy over each of the 2g − 2 + l(µ) + l(ν) (fixed) points must be {(2, 0), (1, 0), · · · , (1, 0)}, the monodromy over the (fixed) point corresponding to γ i must be {(1, γ i ), (1, 0), · · · , (1, 0)} andC/Z m is a connected genus g twisted curve. If we do not requireC/Z m to be connected and require the Euler characteristic ofC/Z m to be χ, then the corresponding number of covers is denoted byĤ
For n = l(γ), consider the canonical map
which forgets the orbifold structure. Then we have the following lemma which is completely similar to lemma 6 in [13] .
, the map from C to P 1 is given by the composition of f ′ and the canonical map C → C ′ . So the preimage of [f ′ ] is parameterized by the maps C → BZ m with given monodromies γ, k, l at the corresponding marked points. Therefore, if
Recall that we have a branch morphism
where r = 2g − 2 + l(µ) + l(ν), and evaluation maps
The usual nonsingularity and Bertini arguments [10] show that (3)
Localization calculations similar to those in [22] show that
In other words, we haveĤ
Similarly, we also haveĤ
Using the same localization calculations, the following identity holds
Lemma 3.1 together with (3) (4) and the nonsingularity and Bertini arguments show that (5)
By the divisor equation, we have
and hence
Another way to obtain (6) (7) is to use the degeneration formula. By equation (2.10) in [28] , we have the following relation
′ is chosen to make the second integral nonzero and ω is the Poincare dual of a point. But the only way to make the second integral nonzero is to set S = ∅, η = µ and χ ′ = 2l(µ). In this case, we have
Repeating this process for n times, we obtain (7).
In conclusion, equations (1) (5) (6) completely determine the orbifold rubber integral H [25] ). Any Z m -weighted partition µ with |µ| = d can be viewed as a conjugacy class in Z m ≀ S d . By the geometric interpretation of H 
such that σ 0 has type µ, σ ∞ has type ν, σ 1 , · · · , σ r have type τ 0 and ω i has type ρ γi , where 
where X ξ and dimξ are character and dimension of the irreducible representations of (Z m ) d associated with ξ respectively and F ξ (µ) = |Cµ|X ξ (µ) dimξ . Therefore we have,
where in the fourth identity we used the fact that
In order to compute F ξ (τ 0 ) and F ξ (ρ γi ), we need to introduce some notations (see [25] ). For any Z m -weighted partition µ, we can decompose µ into the following form
where µ(i) is weighted by the single element i ∈ Z m i.e.
We denote the underlying partition of µ(i) by µ(i). For any d ≥ 1 and k ∈ Z m , let p d (k) be the d th power sum in a sequence of variables y k = (y (n,k) ) n≥1 . For any
Then the elements P µ , |µ| ≥ 1 form a basis of the following ring
We define a bilinear form ·, · on Λ m by setting
On the other hand, for any irreducible character α of Z m and any d ≥ 1, we can define
is the set of irreducible character of Z m and we have
If we regard p d (α) as the d th power sum in a sequence of variables y α = (y (n,α) ) n≥1 , then for any partition µ we can define the Schur function s µ (α) = s µ (y α ). Therefore for any Z m -weighted partition µ, we can define the Schur function
and S µ , |µ| ≥ 1 also form a basis of Λ m .
The following proposition can be found in [25] Proposition 3.2. For any Z m -weighted partitions µ and ξ, one has
In particular, if we define ǫ to be
When m = 1, F ξ (τ 0 ) can be computed in the following proposition (see Example 7 in page 117 of [25] ): Proposition 3.3. Let ξ be an ordinary partition of d ≥ 1. Then
Now let us compute F ξ (τ 0 ) and F ξ (ρ γi ) by proving the following lemma:
Lemma 3.4.
where in the sixth identity we used Proposition 3.3. Note that |C(µ)| =
which proves the first identity. For the second identity, we have
which proves the second identity.
We summarize the above computation in the following theorem 
and F ξ (ρ γi ) = m−1 j=0 |ξ(j)|e
If we consider the generating function Φ
• µ,ν (λ; x) m defined in section 3.1, it is easy to obtain the corresponding formula for Φ 
Virtual Localization
In this section, we calculate K
•s χ,µ,γ by virtual localization.
Fixed points.
The connected components of the C * fixed points set of M
• χ,γ (Y s , µ) are parameterized by labeled graphs. We first introduce some graph notations which are similar to those in [21] .
Let
to an irreducible component of C is either a constant map to one of the C * fixed points p 0 = 0, p 1 = ∞ or a cover of Y s which is fully ramified over p 0 and p 1 . We associate a labeled graph Γ to the C * fixed point
(1) We assign a vertex v to each connected component (0) and V (Γ) (1) . (2) We assign an edge e to each rational irreducible component C e of C such thatf | Ce is not a constant map. Let d(e) be the degree off | Ce and l(e) the monodromy around the unique point on C e which lies over p 1 . Theñ f | Ce is fully ramified over p 0 and p 1 . Let E(Γ) denote the set of edges of Γ. (3) The set of flags of Γ is given by Note that for v ∈ V (Γ) (1) , ν(v) has the same partition but the opposite monodromies with the Z m -weighted partition of d(v) determined by the ramification of
For any e ∈ E(Γ), consider the map f | Ce : C e → Y s . If the monodromy around the unique point on C e which lies over p 1 is l(e), then by Lemma II.13 in [12] , the monodromy around the unique point on C e which lies over p 0 is −l(e) − d(e)s. Let 
Similarly, for any
Let M (νi,li) be the moduli space of C * -fixed degree ν i covers of Y s with monodromies l i and w s νi (l i ) around ∞ and 0 respectively. Let
Then the C * -fixed locus can be identified with
whereĪBZ m is the rigidified inertia stack of BZ m , l = (l 1 , · · · , l l(ν) ) and w
(l l(ν) ). Therefore, we can calculate our integral over We will use the following convention for the unstable integrals to simplify our expression
Contribution from each graph. Calculations similar to those in section 4 of [35] show that 
Proof of Theorem 1.
Define the generating function K
•0 µ (λ; x) to be
Then we have 
is invertible because if we view its entries as elements in C[[λ, x]] then only the diagonal entries have constant terms. So we have
By the orthogonality of characters and (8), it is easy to see that
Therefore, (9) is equivalent to
. This finishes the proof of Theorem 1.
Proof of
Then we have
. Now notice that when k i = 0 for some i ∈ {1, · · · , l(µ)}, if G g,µ,γ (0) m is nonzero, then the following two conditions must be satisfied (1) l(µ) = 1.
(2) γ = ∅. Let M be the connected component of M g,(0) (BZ m ) such that the monodromies around the 2g noncontractible loops are trivial. Then
There is a canonical map ρ : M → M g,1 with degρ = 1 m . On the other hand, we have
So we have
. Therefore, for any µ with k 1 = · · · = k l(µ) = 0 we have
.
Now for any
nontrivial. Let c = gcd(m, η 1 ) and leth 1 ∈ {0, · · · , c − 1} denote h 1 (mod c). Let
If we view Σ η as a subset of {1, · · · , m − 1}, we can give Σ η an order:
, then we define
We will show thatΦ d (λ; x) is invertible over C((λ, x)) in Appendix A. Then by (13) we have G
This finishes the proof of Theorem 2.
Examples
In this section, we will compute the degree 1 and degree 2 Z 2 Gromov-Witten vertices. Then we will use these results to compute some Z 2 -Hodge integrals which appear in [30] .
5.1. degree 1 case. The degree 1 Z 2 Gromov-Witten vertex has been computed in [30] . We use our formula to recompute it and use this result to compute the degree 2 Z 2 Gromov-Witten vertices in the next subsection.
When d = 1 and m = 2, let χ = 2 − 2g and n = l(γ), then we have
In particular
By theorem 2
By equation (14) G
By theorem 1
Similar to the computation above, we have Φ
2 cos(τ λx). So the degree 1 framed vertices are given by
5.2. degree 2 case. In this section, we compute the degree 2 Z 2 Gromov-Witten vertices for τ = 0. Then we use these results to compute the predictions of the Z 2 -Hodge integrals in [30] . These results can be viewed as an evidence for the conjecture of the orbifold GW/DT correspondence in [30] . When d = 2, we only need to notice that all degree 2 double Hurwitz numbers are 
By equation (13), we have
By equation (14) (15) (16)we have
Therefore the two nontrivial degree 2 vertices are given by
Now we use these two vertices to compute the predictions in [30] . The following Hodge integrals are defined in [30] :
Notice that
So if we define a 1 (x), a 2 (x), a 3 (x) to be the coefficients of λ, λ 3 , λ 5 in G {(2,1)} (λ; 0;
x λ ) 2 respectively, then we have
This gives the first three predictions in [30] . Similarly, if we define
to be the coefficients of λ 2 , λ 4 , λ 6 in G {(1,1),(1,1)} (λ; 0;
This gives the next three predictions. 
) is the universal domain curve and
is the evaluation map. Let
Then by the degeneration formula (see [1] )
where K
•0 µ (λ; x) is defined in section 4.3. Recall that
This finishes the calculation of the Gromov-Witten invariants of the local BZ m gerbe and hence finishes the proof of Theorem 3. 
